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Introduction 	 
In the standard model of particle physics and cosmology, the most 
studied fields (which are massive) are spin 0, ½, 1, and 2.	 

Spin 0

Spin ½

Spin 1

Spin 2	 

scalar �

spinor  

vector Aµ

tensor gµ⌫

L = �1

2
(@�)2 � V (�)

L = � ̄�µ@µ �m  ̄

L = �1

4
Fµ⌫F

µ⌫ �m2AµA
µ

L =
p
�gR�m2U(g, f)



Horndeski derived this action at the age of 25 (1973). 
 	 

Most general scalar-tensor theories with 
second-order equations of motion	 

There have been many attempts for constructing dark energy 
models in the framework of scalar-tensor theories.	 

Most of them belong to the so-called Horndeski theories.	 

Spin 0 case	 



Horndeski’s paper in 2016 (at the age of 68) 	 
arXiv:1608.03212	 
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Now, Horndeski wants to construct 
scalar-tensor theories with third-order 
equations of motion.

Usually, such higher-order theories are 
prone to Ostrogradski instability with 
a Hamiltonian unbounded from below. 



What happens for a vector field instead of a scalar field ?	 

(i) Maxwell field (massless)	 
Lagrangian:	 LF = �1

4
Fµ⌫F

µ⌫

There are two transverse polarizations (electric and magnetic fields).	 

(ii) Proca field (massive)	 

Lagrangian:	 LF = �1

4
Fµ⌫F

µ⌫ � 1

2
m2AµA

µ

Introduction of the mass m of the vector field Aµ allows

the propagation in the longitudinal direction due to the

breaking of U(1) gauge invariance.

2 transverse and 1 longitudinal 
= 3 DOFs	 

Longitudinal 
propagation	 

Spin 1 case	 



    Generalized Proca theories	 
On general curved backgrounds, it is possible to extend the massive Proca 
theories to those containing three DOFs (besides two tensor polarizations).	 

Heisenberg Lagrangian (2014)	 See also Tasinato (2014)	 

The non-minimal derivatives couplings like G4(X)R are required

to keep the equations of motion up to second order.

Intrinsic vector 
mode	 

where	 

Taking the scalar limit Aµ ! rµ⇡, the above Lagrangian recovers
a sub-class of Horndeski theories (with L6 vanishing).



Cosmology in generalized Proca theories	 
Can we realize a viable cosmology with the late-time acceleration? 	 

Vector field:	 	 
4

where a dot represents a derivative with respect to t, and H ≡ ȧ/a is the Hubble expansion rate.
Varying the action (2.1) with respect to gµν , we obtain the following equations of motion

G2 −G2,Xφ
2 − 3G3,XHφ3 + 6G4H

2 − 6(2G4,X +G4,XXφ
2)H2φ2 +G5,XXH3φ5 + 5G5,XH3φ3 = ρM ,(2.12)

G2 − φ̇φ2G3,X + 2G4 (3H
2 + 2Ḣ)− 2G4,Xφ (3H

2φ+ 2Hφ̇+ 2Ḣφ)− 4G4,XXHφ̇φ3

+G5,XXH2φ̇φ4 +G5,XHφ2(2Ḣφ+ 2H2φ+ 3Hφ̇) = −PM . (2.13)

Variation of the action (2.1) with respect to Aµ leads to

φ
(
G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3

)
= 0 . (2.14)

Among four Eqs. (2.11)-(2.14), three of them are independent. We note that Eqs. (2.12) and (2.14) do not contain
any time derivatives of φ. This reflects the fact that the theory given by the action (2.1) has been constructed to
avoid the appearance of the propagating degrees of freedom more than three.
From Eq. (2.14) there are two branches of solutions. One of them is φ = 0, but in this case the temporal component

of the vector field does not contribute to the background dynamics. Another branch corresponds to

G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3 = 0 , (2.15)

in which case the field φ is directly related to the Hubble parameter H. This allows the existence of de-Sitter
solutions characterized by constant H and φ, so we shall focus on the second branch satisfying Eq. (2.15) in the
following discussion.

III. CONDITIONS FOR AVOIDING GHOSTS AND INSTABILITIES

We derive conditions for the absence of ghosts and instabilities of tensor, vector, and scalar perturbations on the
flat FLRW background. We consider two scalar metric perturbations α,χ and one vector perturbation Vi by choosing
the so-called flat gauge. Under this choice, the temporal and spatial components of gauge transformation vectors are
fixed. Taking into account the tensor perturbation hij , the linearly perturbed line-element is given by [41–43]

ds2 = −(1 + 2α) dt2 + 2 (∂iχ+ Vi) dt dx
i + a2(t) (δij + hij) dx

idxj , (3.1)

where Vi and hij satisfy the following conditions

∂iVi = 0 , (3.2)

∂ihij = 0 , hi
i = 0 . (3.3)

As for the Proca vector field Aµ, the time component A0 and the spatial vector Ai can be expressed in the following
forms

A0 = φ(t) + δφ , (3.4)

Ai =
1

a2
δij (∂jχV + Ej) , (3.5)

where δφ is the perturbation in A0 (which depends on both t and xi). The perturbation χV corresponds to the
intrinsic scalar part, whereas Ej is the vector part satisfying the transverse condition

∂jEj = 0 . (3.6)

For the matter action SM =
∫
d4x

√
−gLM , we consider a single perfect fluid with the energy density ρM . For the

description of the perfect fluid, we make use of the Schutz-Sorkin action [44] (see also Ref. [45]):

SM = −
∫

d4x
[√

−g ρM (n) + Jµ(∂µℓ+A1∂µB1 +A2∂µB2)
]
, (3.7)

where ℓ is a scalar, Jµ is a vector field of weight one, A1,A2,B1,B2 are scalars whose perturbations are meant to
describe the vector modes, and n is the number density of the fluid defined by

n =

√
JαJβgαβ

g
. (3.8)

Variation of the Heisenberg action with respect to gµ⌫ on the
flat FLRW background leads to

The matter density ⇢M and the pressure PM obey the continuity equation

3

II. GENERALIZED PROCA THEORIES AND THE BACKGROUND EQUATIONS OF MOTION

Let us start with generalized Proca theories described by the four-dimensional action [31]

S =

∫
d4x

√
−g (L+ LM ) , L = LF +

5∑

i=2

Li , (2.1)

where g is a determinant of the metric tensor gµν , LM is a matter Lagrangian, and

LF = −1

4
FµνF

µν , (2.2)

L2 = G2(X) , (2.3)

L3 = G3(X)∇µA
µ , (2.4)

L4 = G4(X)R+G4,X(X)
[
(∇µA

µ)2 + c2∇ρAσ∇ρAσ − (1 + c2)∇ρAσ∇σAρ
]
, (2.5)

L5 = G5(X)Gµν∇µAν − 1

6
G5,X(X)[(∇µA

µ)3 − 3d2∇µA
µ∇ρAσ∇ρAσ − 3(1− d2)∇µA

µ∇ρAσ∇σAρ

+(2− 3d2)∇ρAσ∇γAρ∇σAγ + 3d2∇ρAσ∇γAρ∇γA
σ] . (2.6)

Here, Aµ is a vector field with Fµν = ∇µAν −∇νAµ, ∇µ is the covariant derivative operator, R is the Ricci scalar,
Gµν is the Einstein tensor, c2, d2 are constants, G2,3,4,5 are arbitrary functions of

X = −1

2
AµA

µ , (2.7)

and Gi,X = ∂Gi/∂X. The Lagrangians L2,3,4,5 are constructed to keep the propagating degrees of freedom up to three
with second-order equations of motion. As in standard massless Maxwell theory, there are two transverse polarizations
for the vector field. The Proca theory corresponds to the function G2(X) = m2X with G3,4,5 = 0, in which case
introduction of the mass term m breaks the U(1) gauge symmetry. This gives rise to one additional degree of freedom
in the longitudinal direction.
The generalized Proca theories given above correspond to the extension of massive Proca theories with the cubic

derivative self-interaction L3 and non-minimal derivative couplings with the Ricci scalar (in the Lagrangian L4) and
with the Einstein tensor (in the Lagrangian L5). In Eqs. (2.5) and (2.6) the terms multiplied by the constants c2 and
d2 can be expressed in terms of Fµν [31, 38], so they can be regarded as intrinsic vector modes (i.e., they vanish by
taking the scalar limit Aµ → ∇µπ). In Refs. [32] the cosmology for c2 = −1 up to the Lagrangian L4 was studied for
specific choices of the functions G2,3,4. In this paper we study the cosmology for the full action (2.1) for arbitrary
constants c2 and d2. We also derive the background equations of motion and the no-ghost/stability conditions without
specifying the functional forms of G2,3,4,5.
We define the energy-momentum tensor of the matter Lagrangian LM , as

T (M)
µν = − 2√

−g

δ(
√
−gLM )

δgµν
. (2.8)

Assuming that matter is minimally coupled to gravity, the following continuity equation holds

∇µT (M)
µν = 0 . (2.9)

We derive the equations of motion on the flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) background described
by the line element ds2 = −dt2 + a2(t)δijdxidxj , where a(t) is the scale factor that depends on the cosmic time t.
The homogenous vector field Aµ, which does not break spatial isotropy, is given by

Aµ = (φ(t), 0, 0, 0) , (2.10)

where the temporal component φ is a function of t. Then, the kinetic term (2.7) reduces to X = φ2/2.
For the matter Lagrangian LM , we take into account the perfect fluid with the energy-momentum tensor Tµ

ν =
diag(−ρM , PM , PM , PM ), where ρM is the energy density and PM is the pressure. Then, the continuity equation (2.9)
reads

ρ̇M + 3H(ρM + PM ) = 0 , (2.11)

Variation of the action with respect to Aµ
leads to

4

where a dot represents a derivative with respect to t, and H ≡ ȧ/a is the Hubble expansion rate.
Varying the action (2.1) with respect to gµν , we obtain the following equations of motion

G2 −G2,Xφ
2 − 3G3,XHφ3 + 6G4H

2 − 6(2G4,X +G4,XXφ
2)H2φ2 +G5,XXH3φ5 + 5G5,XH3φ3 = ρM ,(2.12)

G2 − φ̇φ2G3,X + 2G4 (3H
2 + 2Ḣ)− 2G4,Xφ (3H

2φ+ 2Hφ̇+ 2Ḣφ)− 4G4,XXHφ̇φ3

+G5,XXH2φ̇φ4 +G5,XHφ2(2Ḣφ+ 2H2φ+ 3Hφ̇) = −PM . (2.13)

Variation of the action (2.1) with respect to Aµ leads to

φ
(
G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3

)
= 0 . (2.14)

Among four Eqs. (2.11)-(2.14), three of them are independent. We note that Eqs. (2.12) and (2.14) do not contain
any time derivatives of φ. This reflects the fact that the theory given by the action (2.1) has been constructed to
avoid the appearance of the propagating degrees of freedom more than three.
From Eq. (2.14) there are two branches of solutions. One of them is φ = 0, but in this case the temporal component

of the vector field does not contribute to the background dynamics. Another branch corresponds to

G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3 = 0 , (2.15)

in which case the field φ is directly related to the Hubble parameter H. This allows the existence of de-Sitter
solutions characterized by constant H and φ, so we shall focus on the second branch satisfying Eq. (2.15) in the
following discussion.

III. CONDITIONS FOR AVOIDING GHOSTS AND INSTABILITIES

We derive conditions for the absence of ghosts and instabilities of tensor, vector, and scalar perturbations on the
flat FLRW background. We consider two scalar metric perturbations α,χ and one vector perturbation Vi by choosing
the so-called flat gauge. Under this choice, the temporal and spatial components of gauge transformation vectors are
fixed. Taking into account the tensor perturbation hij , the linearly perturbed line-element is given by [41–43]

ds2 = −(1 + 2α) dt2 + 2 (∂iχ+ Vi) dt dx
i + a2(t) (δij + hij) dx

idxj , (3.1)

where Vi and hij satisfy the following conditions

∂iVi = 0 , (3.2)

∂ihij = 0 , hi
i = 0 . (3.3)

As for the Proca vector field Aµ, the time component A0 and the spatial vector Ai can be expressed in the following
forms

A0 = φ(t) + δφ , (3.4)

Ai =
1

a2
δij (∂jχV + Ej) , (3.5)

where δφ is the perturbation in A0 (which depends on both t and xi). The perturbation χV corresponds to the
intrinsic scalar part, whereas Ej is the vector part satisfying the transverse condition

∂jEj = 0 . (3.6)

For the matter action SM =
∫
d4x

√
−gLM , we consider a single perfect fluid with the energy density ρM . For the

description of the perfect fluid, we make use of the Schutz-Sorkin action [44] (see also Ref. [45]):

SM = −
∫

d4x
[√

−g ρM (n) + Jµ(∂µℓ+A1∂µB1 +A2∂µB2)
]
, (3.7)

where ℓ is a scalar, Jµ is a vector field of weight one, A1,A2,B1,B2 are scalars whose perturbations are meant to
describe the vector modes, and n is the number density of the fluid defined by

n =

√
JαJβgαβ

g
. (3.8)
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with second-order equations of motion. As in standard massless Maxwell theory, there are two transverse polarizations
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introduction of the mass term m breaks the U(1) gauge symmetry. This gives rise to one additional degree of freedom
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with the Einstein tensor (in the Lagrangian L5). In Eqs. (2.5) and (2.6) the terms multiplied by the constants c2 and
d2 can be expressed in terms of Fµν [31, 38], so they can be regarded as intrinsic vector modes (i.e., they vanish by
taking the scalar limit Aµ → ∇µπ). In Refs. [32] the cosmology for c2 = −1 up to the Lagrangian L4 was studied for
specific choices of the functions G2,3,4. In this paper we study the cosmology for the full action (2.1) for arbitrary
constants c2 and d2. We also derive the background equations of motion and the no-ghost/stability conditions without
specifying the functional forms of G2,3,4,5.
We define the energy-momentum tensor of the matter Lagrangian LM , as

T (M)
µν = − 2√

−g

δ(
√
−gLM )

δgµν
. (2.8)

Assuming that matter is minimally coupled to gravity, the following continuity equation holds

∇µT (M)
µν = 0 . (2.9)

We derive the equations of motion on the flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) background described
by the line element ds2 = −dt2 + a2(t)δijdxidxj , where a(t) is the scale factor that depends on the cosmic time t.
The homogenous vector field Aµ, which does not break spatial isotropy, is given by

Aµ = (φ(t), 0, 0, 0) , (2.10)

where the temporal component φ is a function of t. Then, the kinetic term (2.7) reduces to X = φ2/2.
For the matter Lagrangian LM , we take into account the perfect fluid with the energy-momentum tensor Tµ

ν =
diag(−ρM , PM , PM , PM ), where ρM is the energy density and PM is the pressure. Then, the continuity equation (2.9)
reads

ρ̇M + 3H(ρM + PM ) = 0 , (2.11)

(which does not break spatial isotropy) 	 

De Felice et al, 
JCAP 1606, 048
(2016)	 

The branch � 6= 0 gives the solution where � depends on H alone, which

allows the existence of de Sitter solutions with constant � and H.



           Vector Galileons	 
The Lagrangian of vector Galileons which recover the Galilean symmetry in

the scalar limit (Aµ ! @µ⇡) on the flat space-time is given by

G2(X) = b2X , G3(X) = b3X , G4(X) =
M2

pl

2
+ b4X

2 , G5(X) = b5X
2.

4

where a dot represents a derivative with respect to t, and H ≡ ȧ/a is the Hubble expansion rate.
Varying the action (2.1) with respect to gµν , we obtain the following equations of motion

G2 −G2,Xφ
2 − 3G3,XHφ3 + 6G4H

2 − 6(2G4,X +G4,XXφ
2)H2φ2 +G5,XXH3φ5 + 5G5,XH3φ3 = ρM ,(2.12)

G2 − φ̇φ2G3,X + 2G4 (3H
2 + 2Ḣ)− 2G4,Xφ (3H

2φ+ 2Hφ̇+ 2Ḣφ)− 4G4,XXHφ̇φ3

+G5,XXH2φ̇φ4 +G5,XHφ2(2Ḣφ+ 2H2φ+ 3Hφ̇) = −PM . (2.13)
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)
= 0 . (2.14)

Among four Eqs. (2.11)-(2.14), three of them are independent. We note that Eqs. (2.12) and (2.14) do not contain
any time derivatives of φ. This reflects the fact that the theory given by the action (2.1) has been constructed to
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From Eq. (2.14) there are two branches of solutions. One of them is φ = 0, but in this case the temporal component
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G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3 = 0 , (2.15)

in which case the field φ is directly related to the Hubble parameter H. This allows the existence of de-Sitter
solutions characterized by constant H and φ, so we shall focus on the second branch satisfying Eq. (2.15) in the
following discussion.

III. CONDITIONS FOR AVOIDING GHOSTS AND INSTABILITIES

We derive conditions for the absence of ghosts and instabilities of tensor, vector, and scalar perturbations on the
flat FLRW background. We consider two scalar metric perturbations α,χ and one vector perturbation Vi by choosing
the so-called flat gauge. Under this choice, the temporal and spatial components of gauge transformation vectors are
fixed. Taking into account the tensor perturbation hij , the linearly perturbed line-element is given by [41–43]

ds2 = −(1 + 2α) dt2 + 2 (∂iχ+ Vi) dt dx
i + a2(t) (δij + hij) dx

idxj , (3.1)

where Vi and hij satisfy the following conditions

∂iVi = 0 , (3.2)

∂ihij = 0 , hi
i = 0 . (3.3)

As for the Proca vector field Aµ, the time component A0 and the spatial vector Ai can be expressed in the following
forms

A0 = φ(t) + δφ , (3.4)

Ai =
1

a2
δij (∂jχV + Ej) , (3.5)

where δφ is the perturbation in A0 (which depends on both t and xi). The perturbation χV corresponds to the
intrinsic scalar part, whereas Ej is the vector part satisfying the transverse condition

∂jEj = 0 . (3.6)

For the matter action SM =
∫
d4x

√
−gLM , we consider a single perfect fluid with the energy density ρM . For the

description of the perfect fluid, we make use of the Schutz-Sorkin action [44] (see also Ref. [45]):

SM = −
∫

d4x
[√

−g ρM (n) + Jµ(∂µℓ+A1∂µB1 +A2∂µB2)
]
, (3.7)

where ℓ is a scalar, Jµ is a vector field of weight one, A1,A2,B1,B2 are scalars whose perturbations are meant to
describe the vector modes, and n is the number density of the fluid defined by

n =

√
JαJβgαβ

g
. (3.8)

We substitute these functions into the vector-field equation:	 

Taking note that X = �2/2, the background EOM admits the solution

�H = constant.

The temporal component � is small in the early cosmological epoch,

but it grows with the decrease of H.

� = constant, H = constant.

The solution finally approaches the de Sitter attractor characterized by



Phase-space trajectories for vector Galileons	 

(a)	 (b)	 

(c)	 

(a)  Radiation point
(b)  Matter point
(c)  De Sitter point	 

The de Sitter fixed point (c) is always 
stable against homogeneous perturbations, 
so it corresponds to the late-time attractor. 	 

The dark energy equation of state

wDE is �2 during the matter era.

This behavior is the same as a tracker 
solution of scalar Galileons, which is 
in tension with the observational data
(Nesseris, De Felice, ST, 2010).  	 



                Planck constraints on constant dark energy equation of state	 

Marginalized posterior distribution for
the constant equation of state (2013)	 

�2.0 �1.6 �1.2 �0.8 �0.4
w
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P
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m
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Planck+WP+BAO

Planck+WP+Union2.1

Planck+WP+SNLS

Planck+WP For the flat FLRW the bounds are	 

w = �1.13+0.24
�0.25

(95 %, Planck + WP + BAO)

w = �1.13+0.13
�0.14

(95 %, Planck + WP + SNLS)

w = �1.24+0.18
�0.19

(95 %, Planck + WP+H0)

The equation of state

�1.3 < w < �0.8
is allowed from the data.



Generalizations of vector Galileons	 
Let us consider the case in which � is related with H according to

�p / H�1 (p > 0)
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For vector perturbations, even if each term in Eqs. (4.14) and (4.15) is much smaller than the order of M2
plH

2, this
does not necessarily imply that the terms c2G4,X and d2HφG5,X in qV are much less than 1. If the conditions

|c2G4,X | ≪ 1 , |d2HφG5,X | ≪ 1 , |φ| ! Mpl (4.17)

hold in the early cosmological epoch with |c2|, |d2| of the order of unity, qV and c2V approximately reduce to

qV ≃ 1 , c2V ≃ 1 . (4.18)

In this case, the vector ghost and stability conditions are automatically satisfied.
It should be noted that, even if the conditions (4.17) are violated in the early cosmological epoch, one can avoid

the vector ghost for c2G4,X < 0 and d2HφG5,X < 0. In addition, c2V is larger than 1 for d2G5,X(Hφ− φ̇) > 0. Hence,
the three conditions in Eq. (4.17) are sufficient but not necessary, so there are other cases in which both qV and c2V
are positive.
The quantities qS and c2S of scalar perturbations contain the third-order derivatives G4,XXX and G5,XXX with

respect to X. These terms do not appear in the background equations of motion. Hence we need to impose some
conditions on such derivatives to derive analytic expression of QS and c2S . Moreover, unless the functional forms of
G2,3,4,5 are specified, one cannot extract detailed information for each function due to the complexities of no-ghost
and stability conditions of scalar perturbations. In Sec. V we shall compute the quantities QS and c2S for concrete
models from the radiation era to the late-time de Sitter solution.

V. APPLICATION TO CONCRETE MODELS

In this section, we search for viable dark energy models in the framework of generalized Proca theories given by
the action (2.1). From Eq. (2.15) the field φ depends on the Hubble parameter H. To realize the situation in which
the energy density of φ starts to dominate over the background matter densities at the late cosmological epoch, the
amplitude of the field φ should grow with the decrease of H. For this purpose, we assume that φ is related with H
according to the relation

φp ∝ H−1 , (5.1)

where p is a positive constant. We shall later justify this ansatz by showing that all background equations of motion
are satisfied and that all stability conditions for linear perturbations are fulfilled. Hereafter, without loss of generality,
we shall focus on the branch in which φ is positive.
For realizing the solution (5.1), the functions G2,3,4,5 in Eq. (2.15) should contain the power-law dependence of X

in the forms

G2(X) = b2X
p2 , G3(X) = b3X

p3 , G4(X) =
M2

pl

2
+ b4X

p4 , G5(X) = b5X
p5 , (5.2)

where Mpl is the reduced Planck mass, b2,3,4,5 are constants, and the powers p3,4,5 are given by

p3 =
1

2
(p+ 2p2 − 1) , p4 = p+ p2 , p5 =

1

2
(3p+ 2p2 − 1) . (5.3)

The vector Galileon [31, 32] corresponds to the powers p2 = 1 and p = 1, so the field φ has the dependence φ ∝ H−1.
Thus the analysis based on the assumption (5.1) is general in that it encompasses the vector Galileon as a specific
case.

A. Dynamical analysis of the background

Let us first consider the background dynamics for the theories given by the functions (5.2) with the powers (5.3).
For the matter sector we take into account non-relativistic matter (energy density ρm and pressure Pm = 0) and
radiation (energy density ρr and pressure Pr = ρr/3), which obey the continuity equations ρ̇m + 3Hρm = 0 and
ρ̇r + 4Hρr = 0 respectively. In this case, we have ρM = ρm + ρr and PM = ρr/3 in Eqs. (4.12) and (4.13).
To study the dynamical system of the background, it is convenient to introduce the following density parameters

Ωr ≡ ρr
3M2

plH
2
, Ωm ≡ ρm

3M2
plH

2
, ΩDE ≡ 1− Ωr − Ωm , (5.4)

This solution can be realized for 	 

where	 
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The vector Galileon [31, 32] corresponds to the powers p2 = 1 and p = 1, so the field φ has the dependence φ ∝ H−1.
Thus the analysis based on the assumption (5.1) is general in that it encompasses the vector Galileon as a specific
case.

A. Dynamical analysis of the background

Let us first consider the background dynamics for the theories given by the functions (5.2) with the powers (5.3).
For the matter sector we take into account non-relativistic matter (energy density ρm and pressure Pm = 0) and
radiation (energy density ρr and pressure Pr = ρr/3), which obey the continuity equations ρ̇m + 3Hρm = 0 and
ρ̇r + 4Hρr = 0 respectively. In this case, we have ρM = ρm + ρr and PM = ρr/3 in Eqs. (4.12) and (4.13).
To study the dynamical system of the background, it is convenient to introduce the following density parameters

Ωr ≡ ρr
3M2

plH
2
, Ωm ≡ ρm

3M2
plH

2
, ΩDE ≡ 1− Ωr − Ωm , (5.4)

The vector Galileon

corresponds to

p2 = p = 1.

The dark energy and radiation density parameters obey	 
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and the following dimensionless quantities

y ≡ b2φ2p2

3M2
plH

2 2p2
, βi ≡

pibi
2pi−p2p2b2

(φpH)i−2 , (5.5)

where i = 3, 4, 5. Due to the relation (5.1), βi’s are constants. From Eq. (2.15) it follows that

1 + 3β3 + 6(2p+ 2p2 − 1)β4 − (3p+ 2p2)β5 = 0 . (5.6)

In the following, we employ this relation to express β3 in terms of β4 and β5.
On using Eq. (2.12), we find that the dark energy density parameter is related with the quantity y, as

ΩDE =
βy

p2(p+ p2)
, (5.7)

where

β ≡ −p2(p+ p2)(1 + 4p2β5) + 6p22(2p+ 2p2 − 1)β4 . (5.8)

Differentiating Eq. (2.15) with respect to t and using Eq. (2.13), we can solve for φ̇ and Ḣ. Taking the derivatives of
ΩDE and Ωr with respect to N ≡ ln a (denoted as a prime), we obtain the following dynamical equations of motion

Ω′
DE =

(1 + s)ΩDE(3 + Ωr − 3ΩDE)

1 + sΩDE
, (5.9)

Ω′
r = −Ωr[1− Ωr + (3 + 4s)ΩDE]

1 + sΩDE
, (5.10)

where

s ≡ p2
p

. (5.11)

The matter density parameter Ωm = 1 − ΩDE − Ωr is known by solving Eqs. (5.9) and (5.10) for ΩDE and Ωr,
respectively, with their given initial conditions. We shall prevent ΩDE (or Ωr) from diverging in the interval 0 ≤
ΩDE ≤ 1, by imposing 1 + s > 0.
The effective equation of state of the system, which is defined by weff ≡ −1− 2Ḣ/(3H2), reads

weff =
Ωr − 3(1 + s)ΩDE

3(1 + sΩDE)
. (5.12)

We define the dark energy equation of state as wDE ≡ PDE/ρDE, where ρDE and PDE are given by Eqs. (4.14) and
(4.15) respectively. Then, it follows that

wDE = −3(1 + s) + sΩr

3(1 + sΩDE)
. (5.13)

For the dynamical system given by Eqs. (5.9) and (5.10), there are the following three fixed points:

(a) (ΩDE,Ωr) = (0, 1) (radiation point) , (5.14)

(b) (ΩDE,Ωr) = (0, 0) (matter point) , (5.15)

(c) (ΩDE,Ωr) = (1, 0) (de Sitter point) . (5.16)

At each fixed point, the equations of state (5.12) and (5.13) reduce to

(a) weff =
1

3
, wDE = −1− 4

3
s , (5.17)

(b) weff = 0 , wDE = −1− s , (5.18)

(c) weff = −1 , wDE = −1 . (5.19)

From Eqs. (5.9) and (5.10) we obtain the relation

Ω′
DE

ΩDE
= (1 + s)

(
Ω′

r

Ωr
+ 4

)
. (5.20)

where	 
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3(1 + sΩDE)
. (5.12)

We define the dark energy equation of state as wDE ≡ PDE/ρDE, where ρDE and PDE are given by Eqs. (4.14) and
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wDE = −3(1 + s) + sΩr
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(a) (ΩDE,Ωr) = (0, 1) (radiation point) , (5.14)

(b) (ΩDE,Ωr) = (0, 0) (matter point) , (5.15)
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1

3
, wDE = −1− 4

3
s , (5.17)

(b) weff = 0 , wDE = −1− s , (5.18)

(c) weff = −1 , wDE = −1 . (5.19)

From Eqs. (5.9) and (5.10) we obtain the relation

Ω′
DE

ΩDE
= (1 + s)

(
Ω′

r

Ωr
+ 4

)
. (5.20)

There are 3 fixed points:	 
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(a) wDE = �1� 4s/3 in the radiation era,

(b) wDE = �1� s in the matter era,

(c) wDE = �1 in the de Sitter era
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For smaller s = p2/p close to 0,

wDE = �1� s approaches �1.

Vector Galileons	 

Smaller sThe joint data analysis of SNIa, 
CMB, and BAO give the bound 	 

0  s  0.36 (95%CL)
(De Felice and ST, 2012)	 

For larger p the field �
evolves more slowly as

� / H�1/p
, so wDE

approaches �1.



Cosmological perturbations in generalized Proca theories	 
We need to study perturbations on the flat FLRW background to study  	 

(i)  Conditions for avoiding ghosts and instabilities, 
(ii)  Observational signatures for the matter distribution in the Universe.

In doing so, let us consider the perturbed metric in flat gauge:	 
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where a dot represents a derivative with respect to t, and H ≡ ȧ/a is the Hubble expansion rate.
Varying the action (2.1) with respect to gµν , we obtain the following equations of motion

G2 −G2,Xφ
2 − 3G3,XHφ3 + 6G4H

2 − 6(2G4,X +G4,XXφ
2)H2φ2 +G5,XXH3φ5 + 5G5,XH3φ3 = ρM ,(2.12)

G2 − φ̇φ2G3,X + 2G4 (3H
2 + 2Ḣ)− 2G4,Xφ (3H

2φ+ 2Hφ̇+ 2Ḣφ)− 4G4,XXHφ̇φ3

+G5,XXH2φ̇φ4 +G5,XHφ2(2Ḣφ+ 2H2φ+ 3Hφ̇) = −PM . (2.13)

Variation of the action (2.1) with respect to Aµ leads to

φ
(
G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3

)
= 0 . (2.14)

Among four Eqs. (2.11)-(2.14), three of them are independent. We note that Eqs. (2.12) and (2.14) do not contain
any time derivatives of φ. This reflects the fact that the theory given by the action (2.1) has been constructed to
avoid the appearance of the propagating degrees of freedom more than three.
From Eq. (2.14) there are two branches of solutions. One of them is φ = 0, but in this case the temporal component

of the vector field does not contribute to the background dynamics. Another branch corresponds to

G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3 = 0 , (2.15)

in which case the field φ is directly related to the Hubble parameter H. This allows the existence of de-Sitter
solutions characterized by constant H and φ, so we shall focus on the second branch satisfying Eq. (2.15) in the
following discussion.

III. CONDITIONS FOR AVOIDING GHOSTS AND INSTABILITIES

We derive conditions for the absence of ghosts and instabilities of tensor, vector, and scalar perturbations on the
flat FLRW background. We consider two scalar metric perturbations α,χ and one vector perturbation Vi by choosing
the so-called flat gauge. Under this choice, the temporal and spatial components of gauge transformation vectors are
fixed. Taking into account the tensor perturbation hij , the linearly perturbed line-element is given by [41–43]

ds2 = −(1 + 2α) dt2 + 2 (∂iχ+ Vi) dt dx
i + a2(t) (δij + hij) dx

idxj , (3.1)

where Vi and hij satisfy the following conditions

∂iVi = 0 , (3.2)

∂ihij = 0 , hi
i = 0 . (3.3)

As for the Proca vector field Aµ, the time component A0 and the spatial vector Ai can be expressed in the following
forms

A0 = φ(t) + δφ , (3.4)

Ai =
1

a2
δij (∂jχV + Ej) , (3.5)

where δφ is the perturbation in A0 (which depends on both t and xi). The perturbation χV corresponds to the
intrinsic scalar part, whereas Ej is the vector part satisfying the transverse condition

∂jEj = 0 . (3.6)

For the matter action SM =
∫
d4x

√
−gLM , we consider a single perfect fluid with the energy density ρM . For the

description of the perfect fluid, we make use of the Schutz-Sorkin action [44] (see also Ref. [45]):

SM = −
∫

d4x
[√

−g ρM (n) + Jµ(∂µℓ+A1∂µB1 +A2∂µB2)
]
, (3.7)

where ℓ is a scalar, Jµ is a vector field of weight one, A1,A2,B1,B2 are scalars whose perturbations are meant to
describe the vector modes, and n is the number density of the fluid defined by

n =

√
JαJβgαβ

g
. (3.8)

where ↵,� are scalar perturbations, Vi and hij are the

vector and tensor perturbations, respectively, obeying
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ds2 = −(1 + 2α) dt2 + 2 (∂iχ+ Vi) dt dx
i + a2(t) (δij + hij) dx

idxj , (3.1)

where Vi and hij satisfy the following conditions

∂iVi = 0 , (3.2)

∂ihij = 0 , hi
i = 0 . (3.3)

As for the Proca vector field Aµ, the time component A0 and the spatial vector Ai can be expressed in the following
forms

A0 = φ(t) + δφ , (3.4)

Ai =
1

a2
δij (∂jχV + Ej) , (3.5)

where δφ is the perturbation in A0 (which depends on both t and xi). The perturbation χV corresponds to the
intrinsic scalar part, whereas Ej is the vector part satisfying the transverse condition

∂jEj = 0 . (3.6)

For the matter action SM =
∫
d4x

√
−gLM , we consider a single perfect fluid with the energy density ρM . For the

description of the perfect fluid, we make use of the Schutz-Sorkin action [44] (see also Ref. [45]):

SM = −
∫

d4x
[√

−g ρM (n) + Jµ(∂µℓ+A1∂µB1 +A2∂µB2)
]
, (3.7)

where ℓ is a scalar, Jµ is a vector field of weight one, A1,A2,B1,B2 are scalars whose perturbations are meant to
describe the vector modes, and n is the number density of the fluid defined by

n =

√
JαJβgαβ

g
. (3.8)

We also consider the perturbations of the vector field, as  	 

4

where a dot represents a derivative with respect to t, and H ≡ ȧ/a is the Hubble expansion rate.
Varying the action (2.1) with respect to gµν , we obtain the following equations of motion

G2 −G2,Xφ
2 − 3G3,XHφ3 + 6G4H

2 − 6(2G4,X +G4,XXφ
2)H2φ2 +G5,XXH3φ5 + 5G5,XH3φ3 = ρM ,(2.12)

G2 − φ̇φ2G3,X + 2G4 (3H
2 + 2Ḣ)− 2G4,Xφ (3H

2φ+ 2Hφ̇+ 2Ḣφ)− 4G4,XXHφ̇φ3

+G5,XXH2φ̇φ4 +G5,XHφ2(2Ḣφ+ 2H2φ+ 3Hφ̇) = −PM . (2.13)

Variation of the action (2.1) with respect to Aµ leads to

φ
(
G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3

)
= 0 . (2.14)

Among four Eqs. (2.11)-(2.14), three of them are independent. We note that Eqs. (2.12) and (2.14) do not contain
any time derivatives of φ. This reflects the fact that the theory given by the action (2.1) has been constructed to
avoid the appearance of the propagating degrees of freedom more than three.
From Eq. (2.14) there are two branches of solutions. One of them is φ = 0, but in this case the temporal component

of the vector field does not contribute to the background dynamics. Another branch corresponds to

G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3 = 0 , (2.15)

in which case the field φ is directly related to the Hubble parameter H. This allows the existence of de-Sitter
solutions characterized by constant H and φ, so we shall focus on the second branch satisfying Eq. (2.15) in the
following discussion.
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where �� and �V are scalar perturbations, while Ej is

the vector perturbation obeying @jEj = 0.



                      Tensor  perturbations : 2 Dofs	 
There are two polarization modes h+ and h⇥ for the tensor perturbation:

hij = h+e
+
ij + h⇥e

⇥
ij

Expanding the Heisenberg action up to second order in tensor
perturbations, the resulting second-order action is given by

5

Due to the transverse condition for the vector modes, a third component A3∂µB3 is redundant in the action (3.7).
We express ℓ and Jµ into the background and perturbed components, as [45, 46]

ℓ = −
∫ t

ρM,n dt
′ − ρM,n v , (3.9)

J0 = N0 + δJ , (3.10)

J i =
1

a2
δik (∂kδj +Wk) , (3.11)

where ρM,n ≡ ∂ρM/∂n is evaluated on the background, N0 = n0a3 is a constant associated with the total number
of fluid particles (n0 is the background value of n), and v, δJ are the perturbations of ℓ, J0, respectively. On the

FLRW background, the action (3.7) reduces to S(0)
M =

∫
d4x

√
−g (n0ρM,n − ρM ). Since the term inside the bracket

corresponds to the pressure PM of the fluid, we have

PM = n0ρM,n − ρM . (3.12)

The perturbation δj corresponds to the scalar part of J i, whereas the intrinsic vector perturbation Wk obeys

∂kWk = 0 . (3.13)

We write the perturbation of Ai in the form

δAi = ρM,n ui , (3.14)

where ui corresponds to the intrinsic vector part of the four velocity uα = Jα/(n
√
−g), satisfying

∂iui = 0 . (3.15)

It should be pointed out that the above form of action is not the only possibility for describing the perfect fluid, e.g.,
the k-essence form [47] is also another possibility. However, in the theories under consideration, the Schutz-Sorkin
action is convenient for properly accommodating vector perturbations. Moreover, it provides a natural and convenient
choice of variables for the dust-fluid perturbation with a vanishing propagation speed squared c2m. On the other hand,
in the k-essence form, one may need to perform a change of variables corresponding to a canonical transformation,
e.g., from the perturbation of the scalar field to the density contrast, before taking the c2m → 0 limit [46].

A. Tensor perturbations

The tensor perturbation hij , which satisfies the transverse and traceless conditions (3.3), can be expressed in terms
of the two polarization modes h+ and h×, as hij = h+e

+
ij + h×e

×
ij . In Fourier space, the unit bases e+ij and e×ij obey

the relations e+ij(k)e
+
ij(−k)∗ = 1, e×ij(k)e

×
ij(−k)∗ = 1, and e+ij(k)e

×
ij(−k)∗ = 0, where k is the comoving wavenumber.

Expanding Eq. (2.1) up to second order in tensor perturbations, the resulting second-order action is given by

S(2)
T =

∑

λ=+,×

∫
dt d3x a3

qT
8

[
ḣ2
λ − c2T

a2
(∂hλ)

2

]
, (3.16)

where

qT = 2G4 − 2φ2G4,X +Hφ3G5,X , (3.17)

and

c2T =
2G4 + φ2φ̇G5,X

qT
. (3.18)

Note that c2T corresponds to the propagation speed squared of the tensor mode. The ghost is absent under the
condition qT > 0. The Laplacian instability on small scales can be avoided for c2T > 0.
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The tensor perturbation obeys (in Fourier space)	 
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The temporal component ∂0ℓ is equivalent to ρM,n ≡ ∂ρM/∂n at the background level, so that the matter action
(3.3) reduces to

S(0)
M =

∫
d4x

√
−g PM , PM = n0ρM,n − ρM , (3.6)

where PM corresponds to the pressure of the fluid.
The scalar quantities J0 and ℓ have the perturbations δJ and v, respectively, so they can be written as

J0 = N0 + δJ , (3.7)

ℓ = −
∫ t

ρM,ndt
′ − ρM,n v . (3.8)

We can express the spatial components of Jµ in terms of the sum of the scalar part δj and the vector part Wk, as

J i =
1

a2
δik (∂kδj +Wk) . (3.9)

The vector perturbation Wk obeys the transverse condition ∂kWk = 0. If we consider the vector field in the form
Wk = (W1(t, z),W2(t, z), 0), whose x and y components depend on t and z alone, then it automatically satisfies the
transverse condition. For the quantities Ai and Bi in Eq. (3.3), the simplest choice which does not lose the required
property of the vector mode is given by [5]

A1 = δA1(t, z) , A2 = δA2(t, z) ,

B1 = x+ δB1(t, z) , B2 = y + δB2(t, z) , (3.10)

where δAi and δBi are perturbed quantities. The perturbation δAi is associated with the intrinsic vector part of
the four velocity ui = J i/(n

√
−g), as δAi = ρM,nui. The equation of motion for δAi follows by the variation of the

second-order action of the vector field with respect to the perturbation δBi.
For the gravity sector, we consider the linearly perturbed line-element in the flat gauge [6–8]:

ds2 = −(1 + 2α) dt2 + 2 (∂iχ+ Vi) dt dx
i + a2(t) (δij + hij) dx

idxj , (3.11)

where α,χ are scalar metric perturbations, Vi is the vector perturbation obeying the transverse condition ∂iVi = 0,
and hij is the tensor perturbation satisfying the transverse and traceless conditions ∂ihij = 0 and hi

i = 0. The
temporal and spatial components of gauge transformation vectors are completely fixed under the above gauge choice.

A. Tensor perturbations

We can express the tensor perturbation hij in terms of the two polarization modes h+ and h×, as hij = h+e
+
ij+h×e

×
ij ,

where e+ij and e×ij obey the relations e+ij(k)e
+
ij(−k)∗ = 1, e×ij(k)e

×
ij(−k)∗ = 1, and e+ij(k)e

×
ij(−k)∗ = 0 in Fourier space

(k is the comoving wavenumber). The second-order action for tensor perturbations, which is derived after expanding
Eq. (2.1) in hij , reads

ST =
∑

λ=+,×

∫
dt d3x a3

qT
8

[
ḣ2
λ − c2T

a2
(∂hλ)

2

]
, (3.12)

where

qT = 2G4 − 2φ2G4,X +Hφ3G5,X , (3.13)

and

c2T =
2G4 + φ2φ̇G5,X

qT
. (3.14)

The action (3.12) is the same as that derived in Ref. [9], which means that the Lagrangian L6 does not affect the
dynamics of tensor perturbations. Varying the action (3.12) with respect to hλ, we obtain the equation of motion in
Fourier space:

ḧλ +

(
3H +

q̇T
qT

)
ḣλ + c2T

k2

a2
hλ = 0 , (3.15)

where k = |k|. The tensor ghost and small-scale Laplacian instabilities are absent for qT > 0 and c2T > 0.The ghost and instability can be avoided for	 
qT > 0 , c2T > 0
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by the Schutz-Sorkin action: 	 

2

mode arises in addition to the two transverse polarizations. The Lagrangians given above are the generalization
of Proca theories in which the propagating degrees of freedom remain three besides the two tensor polarizations of
gravity. The existence of non-minimal couplings in L4,5,6 comes from the demand for keeping the three propagating
degrees of freedom. The vector-tensor interaction introduced by Horndeski in 1976 corresponds to the Lagrangian
L = F + L4 + L6 with constant G4 and G6 [3].
Let us consider the flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) background described with the line element

ds2 = −dt2 + a2(t)δijdxidxj , where a(t) is the time-dependent scale factor. To keep the spatial isotropy of the
background, the vector field is restricted to take in the following form

Aµ = (φ(t), 0, 0, 0) , (2.11)

where the temporal component φ is a function of the cosmic time t. For the matter Lagrangian LM we consider a
perfect fluid with the energy-momentum tensor Tµ

ν = diag(−ρM , PM , PM , PM ). Assuming that matter is minimally
coupled to gravity, the continuity equation holds

ρ̇M + 3H(ρM + PM ) = 0 , (2.12)

where a dot represents a derivative with respect to t, and H ≡ ȧ/a is the Hubble expansion rate.
Variation of the action (2.1) with respect to gµν leads to the following equations of motion

G2 −G2,Xφ
2 − 3G3,XHφ3 + 6G4H

2 − 6(2G4,X +G4,XXφ
2)H2φ2 +G5,XXH3φ5 + 5G5,XH3φ3 = ρM , (2.13)

G2 − φ̇φ2G3,X + 2G4 (3H
2 + 2Ḣ)− 2G4,Xφ (3H

2φ+ 2Hφ̇+ 2Ḣφ)− 4G4,XXHφ̇φ3

+G5,XXH2φ̇φ4 +G5,XHφ2(2Ḣφ+ 2H2φ+ 3Hφ̇) = −PM . (2.14)

Varying the action (2.1) with respect to Aµ, it follows that

φ
(
G2,X + 3G3,XHφ+ 6G4,XH2 + 6G4,XXH2φ2 − 3G5,XH3φ−G5,XXH3φ3

)
= 0 . (2.15)

The effect of the Lagrangian L6 does not arise at the background level. The branch with φ ̸= 0 in Eq. (2.15) can give
rise to interesting de-Sitter solutions characterized by constant φ and H.

III. TENSOR AND VECTOR PERTURBATIONS

In what follows we derive the equations of motion for tensor, vector, and scalar perturbations on the flat FLRW
background. The equation of motion for scalar perturbations will be discussed separately in Sec. IV.
First of all, we decompose the vector field Aµ(t,x) into the background and perturbed components, as

A0 = φ(t) + δφ , (3.1)

Ai =
1

a2(t)
δij (∂jχV + Ej) , (3.2)

where the perturbation δφ depends on t and x. The perturbations χV and Ej correspond to the intrinsic scalar and
vector parts, respectively, where the latter satisfies the transverse condition ∂jEj = 0.
As for the matter sector, we consider a single perfect fluid described by the Schutz-Sorkin action [4]:

SM = −
∫

d4x
[√

−g ρM (n) + Jµ(∂µℓ+A1∂µB1 +A2∂µB2)
]
, (3.3)

where Jµ is a vector field of weight one, ℓ is a scalar, A1,2 and B1,2 are scalar quantities associated with vector
perturbations, ρM is the energy density that depends on the number density of the fluid defined by

n =

√
JαJβgαβ

g
. (3.4)

At the background level the temporal component J0 corresponds to the total fluid number N0, which is constant.
From Eq. (3.4) the background number density n0 reads

n0 =
N0

a3
. (3.5)

__	 

Scalar part	 

___________	 

Vector part	 

 __	 

Related with the number density, as 	 
n =

q
J↵J�g↵�/g

After integrating out the matter action, introducing the combination

Zi = Ei + �(t)Vi, and finally taking the small-scale limit, the

resulting vector action (for two dofs Z1, Z2) reads

6

B. Vector perturbations

The four quantities Vi, Ei, Wi, and ui obey the transverse conditions (3.2), (3.6), (3.13), and (3.15), respectively.
For the practical computations of the second-order action, we can consider the vector fields depending on t and z
alone, e.g., Vi = (V1(t, z), V2(t, z), 0). Then, the transverse condition such as Eq. (3.2) is automatically satisfied. For
the quantities Ai and Bi, the simplest choice containing all the needed information of the vector mode is given by
A1 = δA1(t, z), A2 = δA2(t, z), B1 = x + δB1(t, z), and B2 = y + δB2(t, z) [45]. The normalizations of B1 and B2

have been done such that both B1,x and B2,y are equivalent to 1. Note that the above prescription can be extended
to the general case in which the perturbations depend on t, x, y, z.
After expanding the matter action (3.7) up to second order in vector perturbations, it follows that

(S(2)
V )M =

2∑

i=1

∫
dtd3x

[
1

2a2N0

{
ρM,n

(
W 2

i +N 2
0 V

2
i

)
+N0

(
2ρM,nViWi − a3ρMV 2

i

)}
−N0δAi

˙δBi −
1

a2
WiδAi

]
.

(3.19)
Since the quantities Wi, δAi, δBi appear only in the matter action, we can vary the action (3.19) with respect to these
perturbations independently of the full second-order action. Variation of Eq. (3.19) in terms of Wi leads to

Wi =
N0(δAi − ρM,nVi)

ρM,n
. (3.20)

Substituting Eq. (3.20) into Eq. (3.19) and varying the action with respect to δAi, we obtain δAi in the form (3.14)
with

ui = Vi − a2 ˙δBi . (3.21)

Varying the action with respect to δBi, we find

ρM,n ui =
ρM + PM

n0
ui = constant , (3.22)

which is associated with the conservation of the energy-momentum tensor of the perfect fluid. This is the same
relation as that in GR and it states that the perturbation ui is non-dynamical. Finally, the second-order matter
action reduces to

(S(2)
V )M =

2∑

i=1

∫
dtd3x

a

2

[
(ρM + PM )

(
Vi − a2 ˙δBi

)2
− ρMV 2

i

]
, (3.23)

with the conservation relation (3.22) for the four velocity ui = Vi − a2 ˙δBi.
We sum up the second-order action originating from

∫
d4x

√
−gL with Eq. (3.23). In doing so, it is convenient to

introduce the following combination

Zi = Ei + φ(t)Vi . (3.24)

Let us consider the perturbations in Fourier space with k = |k|. Variation of the total second-order action S(2)
V with

respect to Vi leads to

qT
2

k2

a2
Vi = −(ρM + PM )ui − φ

(
G4,X − 1

2
G5,XHφ

)
k2

a2
Zi . (3.25)

The metric perturbation Vi follows a different dynamics from that in GR (where G4,X = 0 = G5,X). Integrating out
the non-dynamical fields ui and Vi, we obtain the action for the dynamical field Zi. It follows that there are two
dynamical degrees of freedom Z1 and Z2 for the vector mode.
Taking the small-scale limit (k → ∞) in Eq. (3.25) and using the background equations of motion, the resulting

second-order action for the perturbations Zi in Fourier space reads

S(2)
V ≃

2∑

i=1

∫
dt d3x

aqV
2

(
Ż2
i +

k2

a2
c2V Z

2
i

)
, (3.26)

where	 
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where

qV = 1− 2c2G4,X − 2d2HφG5,X , (3.27)

and the vector propagation speed squared can be written as

c2V = 1 +
φ2(2G4,X −G5,XHφ)2

2qT qV
+

d2G5,X(Hφ− φ̇)

qV
. (3.28)

In Eq. (3.26) we have ignored the contribution of an effective mass term m2
V Z

2
i relative to the second term, which

can be justified in the limit k → ∞ with cV ̸= 0.
The sign of the coefficient qV characterizes the no-ghost condition, such that the vector ghost is absent for qV > 0.

If c2 = d2 = 0, then this condition is automatically satisfied. We recall that the terms containing c2 and d2 are
associated with the pure vector contributions in the original action (2.1), which affect the no-ghost condition for the
vector mode.
If the vector propagation speed squared c2V is positive, the small-scale Laplacian instability can be avoided. For the

theories with G5 = 0 or the theories with d2 = 0 and G5 ̸= 0, we have that c2V > 1 under the no-ghost conditions of
tensor and vector perturbations (qT > 0 and qV > 0).

C. Scalar perturbations

For scalar perturbations, we consider the single perfect fluid with the background energy density ρM and the
pressure PM given by Eq. (3.12). We make the field redefinitions

δJ =
a3

ρM,n
δρM =

n0 a3

ρM + PM
δρM , (3.29)

χV = ψ − φ(t)χ , (3.30)

where δρM is the matter density perturbation. First, we can integrate out the Lagrange multiplier δj by means of its
own equation of motion:

δj

N0
= −v − χ . (3.31)

Then, the second-order action for scalar perturbations is given by S(2)
S =

∫
dtd3xL(2)

S , where

L(2)
S = a3

{
−n0ρM,n

2

(∂v)2

a2
+

[
n0ρM,n

∂2χ

a2
− δ̇ρM − 3H

(
1 +

n0ρM,nn

ρM,n

)
δρM

]
v − ρM,nn

2ρ2M,n

(δρM )2 − α δρM

− w3
(∂α)2

a2
+ w4α

2 −
[
(3Hw1 − 2w4)

δφ

φ
− w3

∂2(δφ)

a2φ
− w3

∂2ψ̇

a2φ
+ w6

∂2ψ

a2

]
α

− w3

4

(∂δφ)2

a2φ2
+ w5

(δφ)2

φ2
−
[
(w6φ+ w2)ψ

2
− w3

2
ψ̇

]
∂2(δφ)

a2φ2

− w3

4φ2
(∂ψ̇)2

a2
+

w7

2

(∂ψ)2

a2
+

(
w1α+

w2δφ

φ

)
∂2χ

a2

}
, (3.32)

with the short-cut notations

w1 = H2φ3(G5,X + φ2G5,XX )− 4H(G4 + φ4G4,XX )− φ3G3,X ,

w2 = w1 + 2HqT ,

w3 = −2φ2qV ,

w4 =
1

2
H3φ3(9G5,X − φ4G5,XXX )− 3H2(2G4 + 2φ2G4,X + φ4G4,XX − φ6G4,XXX )

− 3

2
Hφ3(G3,X − φ2G3,XX ) +

1

2
φ4G2,XX ,

w5 = w4 −
3

2
H(w1 + w2) ,

w6 = −φ
[
H2φ(G5,X − φ2G5,XX )− 4H(G4,X − φ2G4,XX ) + φG3,X

]
,

w7 = 2(HφG5,X − 2G4,X)Ḣ +
[
H2(G5,X + φ2G5,XX )− 4HφG4,XX −G3,X

]
φ̇ . (3.33)
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and the vector propagation speed squared can be written as

c2V = 1 +
φ2(2G4,X −G5,XHφ)2

2qT qV
+

d2G5,X(Hφ− φ̇)

qV
. (3.28)

In Eq. (3.26) we have ignored the contribution of an effective mass term m2
V Z
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i relative to the second term, which

can be justified in the limit k → ∞ with cV ̸= 0.
The sign of the coefficient qV characterizes the no-ghost condition, such that the vector ghost is absent for qV > 0.

If c2 = d2 = 0, then this condition is automatically satisfied. We recall that the terms containing c2 and d2 are
associated with the pure vector contributions in the original action (2.1), which affect the no-ghost condition for the
vector mode.
If the vector propagation speed squared c2V is positive, the small-scale Laplacian instability can be avoided. For the
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For scalar perturbations, we consider the single perfect fluid with the background energy density ρM and the
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(∂v)2
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+

[
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∂2χ
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− δ̇ρM − 3H

(
1 +
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)
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]
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2ρ2M,n

(δρM )2 − α δρM
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4
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2
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2
ψ̇

]
∂2(δφ)
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4φ2
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(∂ψ)2
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+

(
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φ

)
∂2χ
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}
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with the short-cut notations

w1 = H2φ3(G5,X + φ2G5,XX )− 4H(G4 + φ4G4,XX )− φ3G3,X ,

w2 = w1 + 2HqT ,

w3 = −2φ2qV ,

w4 =
1

2
H3φ3(9G5,X − φ4G5,XXX )− 3H2(2G4 + 2φ2G4,X + φ4G4,XX − φ6G4,XXX )

− 3

2
Hφ3(G3,X − φ2G3,XX ) +

1

2
φ4G2,XX ,

w5 = w4 −
3

2
H(w1 + w2) ,

w6 = −φ
[
H2φ(G5,X − φ2G5,XX )− 4H(G4,X − φ2G4,XX ) + φG3,X

]
,

w7 = 2(HφG5,X − 2G4,X)Ḣ +
[
H2(G5,X + φ2G5,XX )− 4HφG4,XX −G3,X

]
φ̇ . (3.33)



Scalar perturbations : 2 Dofs (1 scalar +1 matter) 	 
The second-order Lagrangian for scalar perturbations is given by 	 
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The Lagrangian (3.32) does not contain the time derivatives of α,χ, δφ, v, so these four fields are non-dynamical.

Varying the action S(2)
S with respect to α,χ, δφ, v, we obtain the following equations of motion in Fourier space

respectively:

δρM − 2w4α+ (3Hw1 − 2w4)
δφ

φ
+

k2

a2

(
w3
δφ

φ
+ w3

ψ̇

φ
− w6ψ + w1χ+ 2w3α

)
= 0 , (3.34)

n0ρMv + w1α+
w2

φ
δφ = 0 , (3.35)

(3Hw1 − 2w4)α− 2w5
δφ

φ
+

k2

a2

(
w3α+

w3δφ

2φ
− w6φ+ w2

2φ
ψ +

w3ψ̇

2φ
+ w2δχ

)
= 0 , (3.36)

δ̇ρM + 3H

(
1 +

n0ρM,nn

ρM,n

)
δρM +

k2

a2
n0ρM,n (χ+ v) = 0 . (3.37)

On using these equations, we can eliminate the non-dynamical fields from the second-order Lagrangian L(2)
S . After

integrations by parts, we finally obtain a reduced Lagrangian for two dynamical fields ψ and δρM in the form

L(2)
S = a3

(
˙⃗X tK

˙⃗X +
k2

a2
X⃗ tGX⃗ − X⃗ tM X⃗ − X⃗ tB

˙⃗X
)

, (3.38)

where K, G, M , B are 2× 2 matrices, and the vector field X⃗ is defined by

X⃗ t = (ψ, δρM ) . (3.39)

The matrix M is related with the masses of two scalar modes, which do not contain the k2/a2 term. In the following
we shall take the small-scale limit (k → ∞), in which the second term on the r.h.s. of Eq. (3.38) dominates over the
third and fourth terms.
The matrix K is associated with the kinetic terms of two scalar modes. Provided that the two eigenvalues of K are

positive, the scalar ghosts are absent. The no-ghost condition for the matter perturbation δρM is trivially satisfied
for ρM + PM > 0. For the perturbation ψ, the quantity related with the no-ghost condition corresponds to1

QS =
a3H2qT qS

φ2(w1 − 2w2)2
, (3.40)

where

qS = 3w2
1 + 4qTw4 . (3.41)

Under the condition qT > 0, the scalar ghost does not arise for qS > 0.
For large k, the Lagrangian (3.38) leads to the dispersion relation

det

(
ω2K − k2

a2
G

)
= 0 , (3.42)

where ω is a frequency. Defining the scalar propagation speed cs according to the relation ω2 = c2s k
2/a2, there are

two solutions to Eq. (3.42). One of them is the matter propagation speed squared given by

c2M =
n0ρM,nn

ρM,n
, (3.43)

which is the same value as that of GR. Another is the propagation speed squared of the perturbation ψ, which is
given by

c2S =
1

∆

{
2w2

2w3(ρM + PM )− w3(w1 − 2w2) [w1w2 + φ(w1 − 2w2)w6]
(
φ̇/φ−H

)
− w3

(
2w2

2ẇ1 − w2
1ẇ2

)

+ φ (w1 − 2w2)
2 [w3ẇ6 + φ(2w3w7 + w2

6)
]
+ w1w2

[
w1w2 + (w1 − 2w2)(2φw6 − w3φ̇/φ)

]}
, (3.44)

1 Using the matter perturbation δρM in the fluid description (3.7) is convenient in that the off-diagonal components of the matrix K
vanish. This is not generally the case for the k-essence description of the perfect fluid, see e.g., Refs. [48].
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where K, G, M , B are 2× 2 matrices, and the vector field X⃗ is defined by

X⃗ t = (ψ, δρM ) . (3.39)

The matrix M is related with the masses of two scalar modes, which do not contain the k2/a2 term. In the following
we shall take the small-scale limit (k → ∞), in which the second term on the r.h.s. of Eq. (3.38) dominates over the
third and fourth terms.
The matrix K is associated with the kinetic terms of two scalar modes. Provided that the two eigenvalues of K are

positive, the scalar ghosts are absent. The no-ghost condition for the matter perturbation δρM is trivially satisfied
for ρM + PM > 0. For the perturbation ψ, the quantity related with the no-ghost condition corresponds to1

QS =
a3H2qT qS

φ2(w1 − 2w2)2
, (3.40)

where

qS = 3w2
1 + 4qTw4 . (3.41)

Under the condition qT > 0, the scalar ghost does not arise for qS > 0.
For large k, the Lagrangian (3.38) leads to the dispersion relation

det
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= 0 , (3.42)

where ω is a frequency. Defining the scalar propagation speed cs according to the relation ω2 = c2s k
2/a2, there are

two solutions to Eq. (3.42). One of them is the matter propagation speed squared given by

c2M =
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, (3.43)

which is the same value as that of GR. Another is the propagation speed squared of the perturbation ψ, which is
given by

c2S =
1

∆
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vanish. This is not generally the case for the k-essence description of the perfect fluid, see e.g., Refs. [48].

where  = �V + �(t)� and �⇢M is the matter perturbation.

If the two eigenvalues of the 2⇥ 2 matrix K are positive, the ghosts
are absent. One of them is ⇢M + PM > 0, and another is

QS =
a3H2qT (3w2

1 + 4qTw4)

�2(w1 � 2w2)2

In the small-scale limit, the dispersion relation is given by
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The Lagrangian (3.32) does not contain the time derivatives of α,χ, δφ, v, so these four fields are non-dynamical.
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)
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where K, G, M , B are 2× 2 matrices, and the vector field X⃗ is defined by

X⃗ t = (ψ, δρM ) . (3.39)

The matrix M is related with the masses of two scalar modes, which do not contain the k2/a2 term. In the following
we shall take the small-scale limit (k → ∞), in which the second term on the r.h.s. of Eq. (3.38) dominates over the
third and fourth terms.
The matrix K is associated with the kinetic terms of two scalar modes. Provided that the two eigenvalues of K are

positive, the scalar ghosts are absent. The no-ghost condition for the matter perturbation δρM is trivially satisfied
for ρM + PM > 0. For the perturbation ψ, the quantity related with the no-ghost condition corresponds to1

QS =
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, (3.40)

where

qS = 3w2
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For large k, the Lagrangian (3.38) leads to the dispersion relation
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where ω is a frequency. Defining the scalar propagation speed cs according to the relation ω2 = c2s k
2/a2, there are

two solutions to Eq. (3.42). One of them is the matter propagation speed squared given by

c2M =
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ρM,n
, (3.43)

which is the same value as that of GR. Another is the propagation speed squared of the perturbation ψ, which is
given by
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1
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2 [w3ẇ6 + φ(2w3w7 + w2

6)
]
+ w1w2
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w1w2 + (w1 − 2w2)(2φw6 − w3φ̇/φ)

]}
, (3.44)

1 Using the matter perturbation δρM in the fluid description (3.7) is convenient in that the off-diagonal components of the matrix K
vanish. This is not generally the case for the k-essence description of the perfect fluid, see e.g., Refs. [48].

One of the solutions is the matter propagation speed squared,
while another one is

8

The Lagrangian (3.32) does not contain the time derivatives of α,χ, δφ, v, so these four fields are non-dynamical.

Varying the action S(2)
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˙⃗X +
k2

a2
X⃗ tGX⃗ − X⃗ tM X⃗ − X⃗ tB

˙⃗X
)

, (3.38)

where K, G, M , B are 2× 2 matrices, and the vector field X⃗ is defined by

X⃗ t = (ψ, δρM ) . (3.39)

The matrix M is related with the masses of two scalar modes, which do not contain the k2/a2 term. In the following
we shall take the small-scale limit (k → ∞), in which the second term on the r.h.s. of Eq. (3.38) dominates over the
third and fourth terms.
The matrix K is associated with the kinetic terms of two scalar modes. Provided that the two eigenvalues of K are

positive, the scalar ghosts are absent. The no-ghost condition for the matter perturbation δρM is trivially satisfied
for ρM + PM > 0. For the perturbation ψ, the quantity related with the no-ghost condition corresponds to1

QS =
a3H2qT qS

φ2(w1 − 2w2)2
, (3.40)

where

qS = 3w2
1 + 4qTw4 . (3.41)

Under the condition qT > 0, the scalar ghost does not arise for qS > 0.
For large k, the Lagrangian (3.38) leads to the dispersion relation

det

(
ω2K − k2
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)
= 0 , (3.42)

where ω is a frequency. Defining the scalar propagation speed cs according to the relation ω2 = c2s k
2/a2, there are

two solutions to Eq. (3.42). One of them is the matter propagation speed squared given by

c2M =
n0ρM,nn

ρM,n
, (3.43)

which is the same value as that of GR. Another is the propagation speed squared of the perturbation ψ, which is
given by

c2S =
1

∆

{
2w2

2w3(ρM + PM )− w3(w1 − 2w2) [w1w2 + φ(w1 − 2w2)w6]
(
φ̇/φ−H

)
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(
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2 [w3ẇ6 + φ(2w3w7 + w2

6)
]
+ w1w2

[
w1w2 + (w1 − 2w2)(2φw6 − w3φ̇/φ)

]}
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1 Using the matter perturbation δρM in the fluid description (3.7) is convenient in that the off-diagonal components of the matrix K
vanish. This is not generally the case for the k-essence description of the perfect fluid, see e.g., Refs. [48].

where � = 8H2�2qT qV qS , and w1 etc are the known from the background.



     A model consistent with no-ghost and stability conditions	 

G2(X) = b2X , G3(X) = b3X
p3 , G4(X) =

M2
pl

2
+ b4X

p4 , G5(X) = 0.

Provided that 0 < �4 < 1/[6(2p+ 1)], there exists the parameter space

in which all the theoretically consistent conditions are satisfied.
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FIG. 3: Evolution of qT , qV , QS/a
3 (left) and c2T , c

2
V , c2S (right) versus 1 + z for p2 = 1, p = 5, β4 = 0.01, β5 = 0, c2 = −1, and

λ = 1. Note that qT and QS/a
3 are normalized by M2

pl and m2, respectively. The background initial conditions are chosen to
be ΩDE = 7.0× 10−29 and Ωr = 0.9995 at z = 6.9× 106.

The condition (5.51) is automatically satisfied under the inequality (5.50). On the other hand the condition (5.52)
gives the upper bound on β4 tighter than Eq. (5.50), so the allowed range of β4 shrinks to

0 < β4 <
1

12
. (5.53)

In Fig. 3 we plot the evolution of qT and c2T for β4 = 0.01 and p = 5. As estimated in Sec. VB, we have qT ≃ M2
pl

and c2T ≃ 1 during the radiation and matter eras. Finally, we see that qT and c2T approach the asymptotic values
(5.51) and (5.52), respectively. Under the condition (5.53), (c2T )dS is smaller than 1. If the today’s value of c2T is
smaller than 1, the tensor propagation speed squared is constrained to be 1− cT < 2× 10−15 from the gravitational
Cherenkov radiation [52]. On using the value (5.52) at the de Sitter fixed point, we obtain the bound β4 < O(10−16).
In this case, we have numerically confirmed that the Cherenkov-radiation constraint of cT is satisfied today.
For vector perturbations, the conditions (5.37) and (5.38) can be expressed, respectively, as

(qV )dS = 1− 2c2(p+ 1)(β + p+ 1)

(2p+ 1)βu2
> 0 , (5.54)

(
c2V
)
dS

= 1 +
2(p+ 1)(β + p+ 1)2

(2p+ 1)[2c2(p+ 1)(β + p+ 1)− (2p+ 1)βu2]
> 0 . (5.55)

Since β + p + 1 = 6(2p + 1)β4, we have that (qV )dS → 1 and
(
c2V
)
dS

→ 1 in the limit β4 → 0. As we see in Fig. 3,
both qV and c2V are very close to 1 in the early cosmological epoch. At late times qV and c2V start to deviate from 1,
but both of them are still close to 1 for β4 ≪ 1 and |c2| ! O(1).
The no-ghost condition for scalar perturbations corresponds to

qS = 2m2M4
pl (p+ ΩDE) [1− 6(2p+ 1)β4]u

2 > 0 , (5.56)

which is satisfied for

β4 <
1

6(2p+ 1)
. (5.57)

If p > 1/2, then the condition (5.57) gives a tighter upper bound on β4 than that constrained from Eq. (5.53).



Effective gravitational couplings for the cosmic growth 	 
Under the quasi-static approximation on sub-horizon 
scales, the matter perturbation obeys	 

�̈M + 2H �̇M � 4⇡Ge↵⇢M�M ' 0

where the effective gravitational coupling is	 
10

where

ξ1 = 4πφ2 (w2 + 2HqT )
2 , (5.9)

ξ2 = [H (w2 + 2HqT )− ẇ1 + 2ẇ2 + ρM ]φ2 − w2
2

qV
, (5.10)

ξ3 =
1

8H2φ2q3SqT c
2
S

[
2φ2 {qS [w2ẇ1 − (w2 − 2HqT )ẇ2] + ρMw2[3w2(w2 + 2HqT )− qS ]}

− qS
qV

w2 {w6φ(w2 + 2HqT )− w2(w2 − 2HqT )}
]2

. (5.11)

One can extract useful information from the expression (5.8). First, the terms containing the function qV in ξ2 and
ξ3 do not vanish for

w2 = −φ2
[
φG3,X + 4H(G4,X + φ2G4,XX)−H2φ(3G5,X + φ2G5,XX)

]
̸= 0 . (5.12)

If the functions G3,4,5 do not contain any X dependence, which is the case for GR, we have that w2 = 0 and hence
Geff is not affected by the vector contribution qV . In such cases it follows that ξ3 = 0, ξ1 = 64πG2

4H
2φ2, and

ξ2 = 4G4H2φ2, where we used the relation ρM = −4G4Ḣ (which follows from the background equations). Then the
effective gravitational coupling reads Geff = 1/(16πG4), which recovers Geff = G for the coefficient G4 = 1/(16πG) of
the Einstein-Hilbert term.
For the theories with w2 ̸= 0, the term ξ3 does not generally vanish. Under the no-ghost and stability conditions

qS > 0, qT > 0, and c2S > 0 associated with scalar and tensor perturbations, we have that ξ3 > 0. The term ξ3 can be
regarded as an additional gravitational interaction with matter mediated by the vector field. Since ξ1 is also positive,
the presence of the term ξ3/ξ1 in Eq. (5.8) increases the gravitational attraction. The main source for Geff comes from
the first contribution to ξ2 in Eq. (5.10), i.e., the term [H (w2 + 2HqT )− ẇ1 + 2ẇ2 + ρM ]φ2/ξ1 (which is equivalent
to G in GR).
In the expression of Geff , there is an additional term −w2

2/(qV ξ1) sourced by the vector sector, which is negative
under the no-ghost condition qV > 0. Hence the contribution from the vector sector in ξ2/ξ1 works to suppress the
gravitational attraction. Since ξ3/ξ1 is positive, the necessary condition for realizing the gravitational interaction
weaker than that in GR corresponds to ξ2/ξ1 < G, i.e.,

φ2 [(w2 + 2HqT ) {H − 4πG(w2 + 2HqT )}− ẇ1 + 2ẇ2 + ρM ] <
w2

2

qV
. (5.13)

For the function G2 containing the standard Maxwell term F we may write G2 in the form G2 = F + g2(X,F, Y ),
in which case qV = 1 + g2,F + 2g2,Y φ2 − 4g5Hφ+ 2G6H2 + 2G6,XH2φ2. If the value of qV is reduced from 1 by the
existence of functions g2(F, Y ), g5, and G6, it becomes easier to satisfy the condition (5.13).
We would like to stress that the condition (5.13) is necessary but not sufficient to realize Geff < G. If the positive

term ξ3/ξ2 is large, it can happen that Geff > G even for ξ2/ξ1 < G. We note that the effect of the vector sector also
appears in the expression of ξ3. In order to see the possibility of Geff smaller than G, we need to compute the three
quantities ξ1, ξ2, and ξ3 for given models. For the opposite inequality to that given in Eq. (5.13), Geff is always larger
than G.

VI. CONCLUSIONS
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Ge↵ =
⇠2 + ⇠3

⇠1

⇠3 is positive under the no-ghost and stability conditions

(which enhances the gravitational attraction).

For smaller qV close to 0, there is a tendency that Ge↵ decreases.

De Felice et al,
PRD (2016)
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Weak gravity ?	 
The recent observations of redshift-space distortions (RSD) measured the lower growth 
rate of matter perturbations lower than that predicted by the LCDM model.  	 
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Smaller qV

For smaller qV approaching 0,

the e↵ect of the vector field

tends to reduce the

gravitational attraction.

It is possible to see signatures 
of the intrinsic vector mode 
in observations. 	 

Ge↵ is modified through the intrinsic vector mode through the quantity qV .

For a massive vector field with G2 = F +m2X we have

qV = 1� 4g5H�+ 2G6H
2 + 2G6,XH2�2

___________________________	 
Effect of the intrinsic vector mode 	 

De Felice et al, 
1605.05066 (2016)	 



Observational signatures in red-shift space distortions (RSD)	 
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From the RSD measurement we can constrain the growth rate of

matter perturbations: f =

˙�m/(H�m).

For smaller qV , the values

of f�8 tend to be smaller.

�8 = 0.82

The present f�8 data alone

are not su�cient to distinguish

between the models with

di↵erent qV .

This situation will be 
improved in the future.	 



            Conclusions and outlook	 
	 

1. Generalized Proca theories give rise to interesting cosmological solutions

with a late-time de Sitter attractor.

2. We derived 6 no-ghost and stability conditions associated with tensor,

vector, and scalar perturbations for theconsistency of the theory.

3. We constructed a class of models in which all the theoretically

consistent conditions are satisfied during the cosmic expansion history.

4. We also derived the e↵ective gravitational coupling that can be

used to put observational constraints on the models.

It will be of interest to put observational constraints on the 
viable parameter spaces for our proposed models.	 


